Abstract. O-operators are important in broad areas in mathematics and physics, such as integrable systems, the classical Yang-Baxter equation, pre-Lie algebras and splitting of operads. In this paper, a deformation theory of O-operators is established in consistence with the general principles of deformation theories. On the one hand, O-operators are shown to be characterized as the Maurer-Cartan elements in a suitable graded Lie algebra. A given O-operator gives rise to a differential graded Lie algebra whose Maurer-Cartan elements characterize deformations of the given Ooperator. On the other hand, a Lie algebra with a representation is identified from an O-operator T such that the corresponding Chevalley-Eilenberg cohomology controls deformations of T , thus can be regarded as an analogue of the André-Quillen cohomology for the O-operator. Thereafter, infinitesimal and formal deformations of O-operators are studied. In particular, the notion of Nijenhuis elements is introduced to characterize trivial infinitesimal deformations. Formal deformations and extendibility of order n deformations of an O-operator are also characterized in terms of the new cohomology theory. Applications are given to deformations of Rota-Baxter operators of weight 0 and skew-symmetric r-matrices for the classical Yang-Baxter equation. For skew-symmetric rmatrices, there is an independent Maurer-Cartan characterization of the deformations as well as an analogue of the André-Quillen cohomology controlling the deformations, which turn out to be equivalent to the ones obtained as O-operators associated to the coadjoint representations. Finally, infinitesimal deformations of skew-symmetric r-matrices and their corresponding triangular Lie bialgebras are studied. 
Introduction
This paper studies deformations of O-operators, in particular of Rota-Baxter operators and skew-symmetric r-matrices, using Maurer-Cartan elements and cohomology theory.
1.1. Deformations and cohomology. The method of deformation is ubiquitous in mathematics and physics. Roughly speaking, a deformation of an object in a mathematical structure is a perturbation of the object (by a parameter for instance) which gives the same kind of structure. Motivated by the foundational work of Kodaira and Spencer [26] for complex analytic structures, deformation theory finds its generalization in algebraic geometry [25] and further in number theory as deformations of Galois representations [34] .
In physics, the idea of deformation is behind the perturbative quantum field theory and quantizing classical mechanics, inspiring the mathematical notion of quantum groups. Deformation quantization has been studied under many contexts in mathematical physics [27, 28, 39, 40] .
The deformation of algebraic structures began with the seminal work of Gerstenhaber [19, 20, 21, 22, 23] for associative algebras and followed by its extension to Lie algebras by Nijenhuis and Richardson [35, 36] . Deformations of other algebraic structures such as pre-Lie algebras have also been developed [9] . In general, deformation theory was developed for binary quadratic operads by Balavoine [4] . For more general operads we refer the reader to the books of Kontsevich-Soibelman [29] and Loday-Vallette [33] , and the references therein. Also see the paper of Fox [18] for a categorical approach by triples and cotriples.
A suitable deformation theory of an algebraic structure needs to follow certain general principle: on the one hand, for a given object with the algebraic structure, there should be a differential graded Lie algebra whose Maurer-Cartan elements characterize deformations of this object. On the other hand, there should be a suitable cohomology so that the infinitesimal of a formal deformation can be identified with a cohomology class, and then a theory of the obstruction to the integration of an infinitesimal deformation can be developed using this cohomology theory. The cohomology groups for the deformation theories of associative algebras and Lie algebras are the Hochschild cohomology groups and the Chevalley-Eilenberg cohomology groups respectively. In general the cohomology groups are the André-Quillen cohomology groups which are isomorphic to the cohomology groups of the deformation complexes [33] .
Nijenhuis operators also play an important role in deformation theories due to their relationship with trivial infinitesimal deformations. There are interesting applications of Nijenhuis operators such as constructing biHamiltonian systems to study the integrability of nonlinear evolution equations [11, 15] .
1.2. Rota-Baxter operators, skew-symmetric r-matrices and O-operators. The above deformation theories do not apply to the study of deformations of linear operators on algebras such as Rota-Baxter operators and more generally O-operators, as well as skew-symmetric r-matrices. The goal of this paper is to develop a deformation theory of O-operators.
We first recall some basic concepts. (ii) We also use the notation [·, ·] to denote the Gerstenhaber bracket on ∧ • g. An element r ∈ ∧ 2 g is called a skew-symmetric r-matrix if r satisfies the classical Yang-Baxter equation (CYBE): (2) [r, r] = 0.
(iii) Let ρ : g −→ gl(V) be a representation of g on a vector space V. An O-operator on g with respect to the representation (V; ρ) is a linear map T : V −→ g such that
Note that when ρ is the adjoint representation of g, Eq. (3) reduces to Eq. (1) with λ = 0, which means that a Rata-Baxter operator of weight zero is an O-operator on g with respect to the adjoint representation. Furthermore, a skew-symmetric r-matrix corresponds to an O-operator on g with respect to the coadjoint representation [31] .
The concept of Rota-Baxter operators on associative algebras was introduced in 1960 by G. Baxter [5] in his study of fluctuation theory in probability. Recently it has found many applications, including in Connes-Kreimer's [14] algebraic approach to the renormalization in perturbative quantum field theory. In the Lie algebra context, a Rota-Baxter operator of weight zero was introduced independently in the 1980s as the operator form of the classical Yang-Baxter equation, named after the physicists C.-N. Yang and R. Baxter [6, 44] , whereas the classical Yang-Baxter equation plays important roles in many fields in mathematics and mathematical physics such as integrable systems and quantum groups [13, 41] . For further details on Rota-Baxter operators, see [24] .
To better understand the classical Yang-Baxter equation and the related integrable systems, the more general notion of an O-operator (later also called a relative Rota-Baxter operator or a generalized Rota-Baxter operator) on a Lie algebra was introduced by Kupershmidt [31] , which can be traced back to Bordemann [8] . In addition, the defining relation of an O-operator was also called the Schouten curvature and is the algebraic formulation of the contravariant analogue of the Cartan curvature of a Lie algebra-valued one-form on a Lie group [30] . An O-operator gives rise to a skew-symmetric r-matrix in a larger Lie algebra [2] .
In the context of associative algebras, O-operators give rise to the important structure of dendriform algebras ( [32] ) and, more generally, leads lead to the splitting of operads [3, 37] .
1.3. Summary of the results and outline of the paper. Given the critical roles played by RotaBaxter operators, skew-symmetric r-matrices and O-operators, it is important to develop their deformation and cohomology theories. As aforementioned, the existing general theories do not apply to such cases. To meet this need, we establish a deformation theory of O-operators which is remarkably consistent with the general principles of deformation theories as indicated in Section 1.1, including a suitable differential graded Lie algebra whose Maurer-Cartan elements characterize the O-operators and their deformations as well as an analogue of the André-Quillen cohomology which controls the infinitesimal and formal deformations of O-operators. Furthermore, O-operators are closely related to pre-Lie algebras [2] (see Definition 2.5) which have a well-established deformation theory. Our deformation theory of O-operators is also compatible with that of pre-Lie algebras. We hope that this study will shed light on a general deformation theory for algebraic structures (operads) with nontrivial linear operators.
In the following we give a summary of the main results and an outline of the paper. First Section 2 provides the Maurer-Cartan characterization of O-operators and their deformations. From a representation (V; ρ) of a Lie algebra g, we obtain, via the derived bracket, a graded
, of which the Maurer-Cartan elements are exactly the Ooperators. Further, a given O-operator T , as a Maurer-Cartan element, gives rise to a differential d T := T, · on this graded Lie algebra. The Maurer-Cartan elements of the resulting differential graded Lie algebra correspond precisely to deformations of the given O-operator T . There is a close relationship between this graded Lie algebra and the one for pre-Lie algebras given in [12] .
Section 3 sets up a cohomology theory for O-operators. In order to obtain a suitable analogue of the André-Quillen cohomology for O-operators, it is natural to take the Chevalley-Eilenberg cohomology of a Lie algebra with coefficients in a representation. Contrary to our intuition, it is not the Lie algebra g and the representation V, but a new Lie algebra structure on V induced by the O-operator T and a representation of V on g. Explicitly, associated to an O-operator T on a Lie algebra g with respect to a representation (V; ρ) we obtain a Lie algebra
and identify a natural representation ̺ of the Lie algebra V c on the space g. We take the corresponding Chevalley-Eilenberg cohomology to be the cohomology of the O-operator and apply it to control infinitesimal and formal deformations of O-operators in the following sections. Moreover, we found that this Lie algebra V c is exactly the commutator of the pre-Lie algebra induced by the O-operator T . There is also a natural map Φ from these cohomology groups to the cohomology groups of the associated pre-Lie algebra.
The usual isomorphism [33] between the André-Quillen cohomology and the cohomology of the deformation complex has its counterpart for O-operators: this Chevalley-Eilenberg coboundary operator d ̺ coincides with the differential d T introduced above up to a sign, completing the following diagram:
Section 4 studies one parameter infinitesimal deformations of an O-operator. We show that if two deformations are isomorphic, then the corresponding generators are in the same cohomology class of the O-operator. We introduce the notion of Nijenhuis elements to characterize trivial deformations. By means of the above natural map Φ from cohomology groups of the O-operator and those of the corresponding associated pre-Lie algebra, further relations are obtained:
Section 5 utilizes the cohomology theory of an O-operator to study formal deformations of Ooperators. We show that the infinitesimals of two equivalent one-parameter formal deformations of an O-operator are in the same first cohomology class of the O-operator and that a higher order deformation of an O-operator is extendable if and only if its obstruction class in the second cohomology group of the O-operator is trivial.
Section 6 specializes to Rota-Baxter operators of weight 0 on a Lie algebra g, regarded as O-operators on g with respect to the adjoint representation. We give some precise formulas for deformations of Rota-Baxter operators of weight 0. Nijenhuis elements in certain Rota-Baxter Lie algebras (Lie algebras with Rota-Baxter operators of weight 0) are classified. Section 7 focuses on deformations of skew-symmetric r-matrices on a Lie algebra g, regarded as O-operators on g with respect to the coadjoint representation. Viewing the CYBE as a MaurerCartan equation, we first provide a direct Maurer-Cartan characterization of deformations and an analogue of the André-Quillen cohomology controlling the infinitesimal deformations. This deformation theory turns out to be equivalent to the one obtained as O-operators with respect to the coadjoint representation. Through this equivalence, a notion of weak homomorphism between skew-symmetric r-matrices is introduced to further study their infinitesimal deformations. Finally, we study infinitesimal deformations of triangular Lie bialgebras by the natural correspondence between skew-symmetric r-matrices and triangular Lie bialgebras.
Throughout this paper, we work over an algebraically closed field K of characteristic 0 and all the vector spaces are over K and are finite-dimensional.
Maurer-Cartan elements, O-operators and their deformations
Usually for an algebraic structure, Maurer-Cartan elements in a suitable graded Lie algebra are used to characterize realizations of the algebraic structure on a space. For a given realization of the algebraic structure, the corresponding Maurer-Cartan element equipped the graded Lie algebra with a differential. Then the deformations of the given realization are characterized as the Maurer-Cartan elements of the resulting differential graded Lie algebra. See Remark 2.7 for the case of pre-Lie algebras and [33] for operads. Adapting this principle to O-operators, we first need to construct a graded Lie algebra for a Lie algebra with a representation whose MaurerCartan elements characterize the O-operators. It then follows that a given O-operator gives rise to a differential on this graded Lie algebra and there is a one-to-one correspondence between the set of Maurer-Cartan elements in the resulting differential graded Lie algebra and the set of deformations of this O-operator.
We first recall a general notion and a basic fact [33] .
) be a differential graded Lie algebra. A degree 1 element θ ∈ g 1 is called a Maurer-Cartan element of g if it satisfies the following Maurer-Cartan equation:
A graded Lie algebra is a differential graded Lie algebra with d = 0. Then we have
) be a graded Lie algebra and let µ ∈ g 1 be a Maurer-Cartan element. Then the map Let (V; ρ) be a representation of a Lie algebra g. Consider the graded vector space
for all P ∈ Hom(∧ n V, g) and Q ∈ Hom(∧ m V, g). Note that for all x, y ∈ g, x, y = [x, y]. Furthermore, we have Proof. In short, the graded Lie algebra (C * (V, g), ·, · ) is obtained via the derived bracket [42] . In fact, the Nijenhuis-Richardson bracket [·, ·] NR associated to the direct sum vector space g⊕V gives rise to a graded Lie algebra (⊕ dim(g⊕V) k=0
) is an abelian subalgebra. A linear map µ : ∧ 2 g −→ g is a Lie algebra structure and ρ : g ⊗ V −→ V is a representation of g on V if and only if µ + ρ is a Maurer-Cartan element of the graded Lie algebra (⊕ dim(g⊕V) k=0
Further, the differential d µ+ρ gives rise to a graded Lie algebra structure on the graded vector space
which is exactly the bracket given by Eq. (5). Finally, for a degree one element T : V −→ g, Eq. (5) becomes
This proves the last statement.
Let T : V −→ g be an O-operator. Since T is a Maurer-Cartan element of the graded Lie algebra (C * (V, g), ·, · ) by Proposition 2.3, it follows from Proposition 2.2 that d T := T, · is a graded derivation on the graded Lie algebra (C We next recall the notion of a pre-Lie algebra and the differential graded Lie algebra whose Maurer-Cartan elements characterize pre-Lie algebra structures. We show that there is a close relationship between these two differential graded Lie algebras. Definition 2.5. A pre-Lie algebra is a pair (V, · V ), where V is a vector space and · V : V ⊗ V −→ V is a bilinear multiplication satisfying that for all x, y, z ∈ V, the associator
Relating an O-operator to a pre-Lie algebra, we have 
Then (V, · T ) is a pre-Lie algebra.
. If i = 0 or n, we assume σ = Id. The set of all (i, n − i)-unshuffles will be denoted by S (i,n−i) . The notion of an (i 1 , · · · , i k )-unshuffle and the set S (i 1 ,··· ,i k ) are defined analogously.
Let V be a vector space.
Then the graded vector space
is a graded Lie algebra. See [12, 43] for more details.
Thus, α defines a pre-Lie algebra structure on V if and only if [α, α]
For any σ ∈ S (n,m) , we define τ ∈ S (m,n) by
Thus we have (−1)
In fact, the elements of S (n,m) are in bijection with the elements of S (m,n) . Then we have
Therefore, we have
Thus Φ is a homomorphism of graded Lie algebras from (C
Remark 2.9. As a direct consequence of the above proposition, the Maurer-Cartan elements in the first graded Lie algebra are sent to those in the second graded Lie algebra. Thus by Proposition 2.3 and Remark 2.7, the O-operators on V are sent to pre-Lie algebra structures on V. Further two O-operators on V are sent to the same pre-Lie algebra if and only if they are in the same fiber of Φ. This gives a strengthened form of Theorem 2.6.
Cohomology of O-operators
In this section we give a cohomology theory for O-operators which will be used to control infinitesimal and formal deformations of O-operators in the following sections. Thus, this cohomology can be viewed as an analogue of the André-Quillen cohomology.
Let (V, · V ) be a pre-Lie algebra. The commutator [x, y] c = x · V y − y · V x defines a Lie algebra structure on V, which is called the sub-adjacent Lie algebra of (V, · V ) and denoted by V c . See [10] for more details. In particular, we denote by V c := (V, [·, ·] T ) the sub-adjacent Lie algebra of the pre-Lie algebra (V, · T ) induced from an O-operator T on a Lie algebra g with respect to a representation (V; ρ) given in Theorem 2.6. Then T is a Lie algebra homomorphism from
Let T : V −→ g be an O-operator on a Lie algebra g with respect to a representation (V; ρ). We construct a representation of the sub-adjacent Lie algebra (V, [·, ·] T ) on the vector space g. We will show that the corresponding Chevalley-Eilenberg cohomology will serve as the cohomology for O-operators that we have been looking for.
Lemma 3.1. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ).
Proof. Since (V; ρ) is a representation of the Lie algebra g, by Eq. (3), we have
Therefore, ̺ is a representation. Remark 3.2. Here we provide an intrinsic interpretation of the above representation ̺ by means of the deformed Lie bracket by a Nijenhuis operator. First recall that a Nijenhuis operator on a Lie algebra (h,
Now it is straightforward to see that if T : V −→ g is an O-operator on a Lie algebra g with respect to a representation (V; ρ), then N T = 0 T 0 0 is a Nijenhuis operator on the semidirect product Lie algebra g ⋉ ρ V. Therefore there is a Lie algebra structure on V ⊕ g g ⊕ V defined by
which implies that ̺ is a representation of the sub-adjacent Lie algebra (V, [·, ·] T ) on the vector space g.
) be the corresponding Chevalley-Eilenberg coboundary operator. More precisely, for all f ∈ Hom(∧ k V, g) and u 1 , · · · , u k+1 ∈ V, we have
It is obvious that x ∈ g is closed if and only if
and f ∈ C 1 (V, g) is closed if and only if
Comparing the coboundary operators d ̺ given above and the operators d T = T, · introduced in Theorem 2.4 from the Maurer-Cartan element T , we have 
Definition 3.4. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ). Denote by (C
) and the set of k-coboundaries by B k (V, g). Denote by
the k-th cohomology group, called the k-th cohomology group for the O-operator T .
We will use these cohomology groups to characterize infinitesimal and formal deformations of O-operators in later sections. See Theorems 4.7 and 5.15 in particular. For now, we relate these cohomology groups to the cohomology groups of the pre-Lie algebra (V, · T ) obtained from the O-operator T by Theorem 2.6. 
Note that L also gives a representation of the sub-adjacent Lie algebra V c on V. See [10, 16] for more details. The cohomology complex for a pre-Lie algebra (V, · V ) with a representation (W; ρ, µ) is given as follows [16] . The set of n-cochains is given by Hom(
We use d reg to denote the coboundary operator associated to the regular representation and we obtain the cochain complex
We denote the corresponding n-th cohomology group by H n reg (V, V) and H reg (V, V) := ⊕ n H n reg (V, V). Theorem 3.6. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ). Then Φ, defined in Eq. (9) , is a homomorphism of cochain complexes from (C
Infinitesimal deformations of an O-operator
In this section, we study infinitesimal deformations of an O-operator using the cohomology theory given in the previous section. In particular, we introduce the notion of a Nijenhuis element associated to an O-operator, which gives rise to a trivial infinitesimal deformation of the O-operator. Their relationship with the infinitesimal deformations of the associated pre-Lie algebra is also studied.
By Remark 2.9, there is a close relationship between the set of O-operators and the set of pre-Lie algebras as Maurer-Cartan elements in the respective graded Lie algebras. Hence it is natural to consider the relationships between two O-operators in terms of the ones between the corresponding pre-Lie algebras. On the other hand, the classification of pre-Lie algebras in the sense of isomorphism is interpreted as the classification of bijective 1-cocycles in the sense of equivalence ( [1] ) or the classification ofétale affine representations in the sense of equivalence ( [7] ). Motivated by these two types of equivalences, we give Definition 4.1. Let T and T ′ be O-operators on a Lie algebra g with respect to a representation (V; ρ). A homomorphism from T ′ to T consists of a Lie algebra homomorphism φ g : g −→ g and a linear map φ V : V −→ V such that
In particular, if both φ g and φ V are invertible, (φ g , φ V ) is called an isomorphism from T ′ to T .
We refer the reader to [13] for a weaker version of isomorphism up to a scalar. 
Proof. This is because, for all u, v ∈ V, we have
Definition 4.3. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ) and T : V −→ g a linear map. If T t = T +tT is still an O-operator on the Lie algebra g with respect to the representation (V; ρ) for all t, we say that T generates a one-parameter infinitesimal deformation of the O-operator T .
It is direct to check that T t = T + tT is a one-parameter infinitesimal deformation of an Ooperator T if and only if for any u, v ∈ V,
Note that Eq. (17) means that T is a 1-cocycle of the sub-adjacent Lie algebra (V, [·, ·] T ) with coefficients in g and Eq. (18) means that T is an O-operator on the Lie algebra g associated to the representation (V; ρ). Now turning to a pre-Lie algebra (V, · V ), let ω :
gives a pre-Lie algebra structure, we say that ω generates a one-parameter infinitesimal deformation of the pre-Lie algebra (V, · V ).
The two types of infinitesimal deformations are related as follows. Proof. Denote by · t the corresponding pre-Lie algebra structure associated to the O-operator T + tT. Then we have
, ∀u, v ∈ V, which implies that ω T generates a one-parameter infinitesimal deformation of (V, · T ). 
which implies that x satisfies (19) [
Then by Eq. (15), we get
which implies
Finally, Eq. (16) gives
which implies that x satisfies
Note that Eq. (20) (22), it is obvious that a trivial one-parameter infinitesimal deformation gives rise to a Nijenhuis element. The following result is in close analogue to the fact that the differential of a Nijenhuis operator on a Lie algebra generates a trivial one-parameter infinitesimal deformation of the Lie algebra [15] , justifying the notion of Nijenhuis elements.
Theorem 4.9. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ).

Then for any x ∈ Nij(T ), T t := T + tT with T := d ̺ x is a trivial one-parameter infinitesimal deformation of the O-operator T .
Proof. First T is closed since T = d ̺ x. To show that T = d ̺ x generates a trivial one-parameter infinitesimal deformation of the O-operator T , we only need to verify that Eq. (18) holds. By Eq. (19), we have, for any u, v ∈ V,
−[T ρ([T u, x])(v), x] − [T ρ(T ρ(x)(u))(v), x] + [T ρ([T v, x])(u), x] + [T ρ(T ρ(x)(v))(u), x] −T ρ(x)ρ([T u, x])(v) − T ρ(x)ρ(T ρ(x)(u))(v) +T ρ(x)ρ([T v, x])(u) + T ρ(x)ρ(T ρ(x)(v))(u) .
By Eqs. (22) and (23), the under-braced terms add to zero. Similarly, the underlined terms add to zero. For the other terms, by Eqs. (19) and (23), we have
Similarly, we have
Therefore,
, [T v, x]]] + [x, [T v, [T u, x]]] + [x, [T ρ(T u)(v), x]] − [x, [T ρ(T v)(u), x]] = −[x, [[T u, T v], x]] + [x, [[T u, T v], x]]
= 0, which means that T := d ̺ x generates a one-parameter infinitesimal deformation of T .
Further, since x is a Nijenhuis element, it is straightforward to deduce that (Id g +tad x , Id V +tρ(x)) gives the desired homomorphism between T t and T . Thus, the deformation is trivial. Now we recall the notion of a Nijenhuis operator on a pre-Lie algebra given in [43] , which gives rise to a trivial one-parameter infinitesimal deformation of a pre-Lie algebra. 
For its connection with a Nijenhuis element associated to an O-operator, we have
Proposition 4.11. Let x ∈ g be a Nijenhuis element associated to an O-operator T on a Lie algebra g with respect to a representation (V; ρ). Then ρ(x) is a Nijenhuis operator on the associated pre-Lie algebra (V, · T ).
Proof. For the proof, we just need to check, by Eq. (22), for all u, v ∈ V,
Formal deformations of an O-operator
In this section, first we study one-parameter formal deformations of an O-operator and consider the rigidity of the O-operator. Then we study order n deformations of an O-operator. We show that the obstruction of an order n deformation being extendable is given by a class in the second cohomology group.
Let 
For any representation (V; ρ) of g, there is a natural action of g[[t]] on V[[t]]
induced by ρ in an obvious way which is still denoted by ρ. In fact, since ρ :
can be extended to be a K[[t]]-module map from g[[t]] to Hom K[[t]] (V[[t]], V[[t]]).
Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ). Consider a t-parameterized family of linear operations (27) we say that T t is a one-parameter formal deformation of the O-operator T.
]). Extend it to be a K[[t]]-module map from V[[t]] to g[[t]] which is still denoted by
T t . Definition 5.1. If T t = i≥0 τ i t i with τ 0 = T satisfies [T t (u), T t (v)] = T t ρ(T t (u))(v) − ρ(T t (v))(u) , ∀u, v ∈ V,
Remark 5.2. The left hand side of Eq. (27) holds in the Lie algebra g[[t]], whereas the right hand side makes sense since T t is a K[[t]]-module map.
Recall [9] that a one-parameter formal deformation of a pre-Lie algebra (A, ·) is a power series
any a, b ∈ A and f t defines a pre-Lie algebra structure on A[[t]].
Building on the relationship between O-operators and pre-Lie algebras, we have
is a one-parameter formal deformation of an O-operator T on a Lie algebra g with respect to a representation (V; ρ), then · T t defined by
is a one-parameter formal deformation of the associated pre-Lie algebra (V, · T ).
Applying Eq. (26) to expand Eq. (27) and collecting coefficients of t n , we see that Eq. (27) is equivalent to the system of equations
be a one-parameter formal deformation of an O-operator T on a Lie algebra g with respect to a representation (V; ρ). Then τ 1 is a 1-cocycle on the Lie algebra
Thus, τ 1 is a 1-cocycle.
Definition 5.5. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ). The 1-cocycle τ 1 in Proposition 5.4 is called the infinitesimal of the one-parameter formal defor-
Definition 5.6. Two formal deformations T t = i≥0τi t i and T t = i≥0 τ i t i of an O-operator T =τ 0 = τ 0 on a Lie algebra g with respect to a representation (V; ρ) are said to be equivalent if there exist x ∈ g, φ i ∈ gl(g) and ϕ i ∈ gl(V), i ≥ 2, such that for (29) φ
the following conditions hold:
In particular, a formal deformation T t of an O-operator T is said to be trivial if there exists an x ∈ g, φ i ∈ gl(g) and ϕ i ∈ gl(V), i ≥ 2, such that (φ t , ϕ t ) defined by Eq. (29) gives an equivalence between T t and T , with the latter regarded as a deformation of itself. Proof. Let (φ t , ϕ t ) be the two maps defined by Eq. (29) which gives an equivalence between two deformations T t = i≥0 τ i t i and T t = i≥0 τ i t i of an O-operator T . By φ t • T t = T t • ϕ t , we havē
which implies thatτ 1 and τ 1 are in the same cohomology class.
Definition 5.8. An O-operator T is rigid if all one-parameter formal deformations of T are trivial.
As a cohomological condition of the rigidity, we have the following result which suggests that the rigidity of an O-operator is a very strong condition.
Proposition 5.9. Let T : V → g be an O-operator on a Lie algebra g with respect to a representation
Proof. Let T t = i≥0 τ i t i be a one-parameter formal deformation of the O-operator T . Then Proposition 5.4 gives τ 1 ∈ Z 1 (V, g). By the assumption, τ 1 = −d ̺ x for some x ∈ Nij(T ). Then setting φ t = Id g + tad x and ϕ t = Id V + tρ(x), we get a formal deformation T t := φ −1 t • T t • ϕ t . Thus, T t is equivalent to T t . Moreover, we have
Repeating this procedure, we find that T t is equivalent to T .
We next study the obstruction of a deformation of order n from being extendable.
Definition 5.10. Let T : V −→ g be an O-operator on a Lie algebra g with respect to a representation (V; ρ).
we say that T t is an order n deformation of the O-operator T .
Remark 5.11. Obviously, the left hand side of Eq. (30) Definition 5.12. Let T t = n i=0 τ i t i be an order n deformation of an O-operator T on a Lie algebra g with respect to a representation (V; ρ). If there exists a 1-cochain τ n+1 ∈ C 1 (V, g) such that
is an order n + 1 deformation of the O-operator T , then we say that T t is extendable. 
Then the 2-cochain Ob (32) which is equivalent to
Then we have 
. Then T t satisfies Eq. (32) for 0 ≤ i ≤ n + 1. So T t is an order n + 1 deformation, which means that T t is extendable. Corollary 5.16. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ).
) is the infinitesimal of some one-parameter formal deformation of the O-operator T .
6. Deformations of Rota-Baxter operators of weight 0
In this section we consider Rota-Baxter operators of weight 0 whose definition is recalled in Definition 1.1. They form an important case of O-operators, for the adjoint representation
The deformation theory in the previous sections specializes to a deformation theory of RotaBaxter operators of weight 0. We will provide some applications without repeating all the details.
A Lie algebra g with a Rota-Baxter operator R of weight 0 is called a Rota-Baxter Lie algebra. The associated pre-Lie algebra structure on g is given by x · R y := [Rx, y] for all x, y ∈ g, and its sub-adjacent Lie algebra structure is given by [x, y] 
As a consequence of Proposition 2.3 and Theorem 2.4, we have
graded Lie algebra, where the graded Lie bracket ·, · is given by Eq. (5). (2) R ∈ gl(g) is a Rota-Baxter operator of weight 0 if and only if R is a Maurer
-Cartan element of C * (g, g). (3) A Rota-Baxter operator R of weight 0 on g gives rise to a differential d R on C * (g, g) by d R := R, · . Further a linear map R ′ : g −→ g, R + R ′
is a Rota-Baxter operator of weight 0 if and only if R ′ is a Maurer-Cartan element of the differential graded Lie algebra
By Lemma 3.1, we obtain Corollary 6.2. Let R be a Rota-Baxter operator of weight 0 on a Lie algebra g. Then 
The second one comes from the left multiplication of the pre-Lie algebra structure:
The representation ̺ in Corollary 6.2 is apparently different from the above two representations.
As a special case of Definition 3.4, we give Definition 6.4. Let R be a Rota-Baxter operator of weight zero on a Lie algebra g. Then the cohomology of the cochain complex ( g) is given by Eq. (11), is called the cohomology of the RotaBaxter operator R.
This cohomology can be used to control infinitesimal, formal and order n deformations of Rota-Baxter operators of weight 0. We only give some details on infinitesimal deformations. Definition 6.5. Let R be a Rota-Baxter operator of weight 0 on a Lie algebra g.
(i) Let R : g −→ g be a linear operator. If for all t ∈ K, R t := R + tR is a Rota-Baxter operator of weight 0 on g, we say that R generates a one-parameter infinitesimal deformation of R.
(ii) Let R 1 t := R + tR 1 and R 2 t := R + tR 2 be two one-parameter infinitesimal deformations of R generated by R 1 and R 2 respectively. They are said to be equivalent if there exists an x ∈ g such that (Id g + tad x , Id g + tad x ) is a homomorphism from R 2 t to R 1 t . In particular, a deformation R t = R + tR of R is said to be trivial if there exists an x ∈ g such that (Id g + tad x , Id g + tad x ) is a homomorphism from R t to R. We next give some examples of Rota-Baxter operators of weight 0 on low-dimensional Lie algebras where the Nijenhuis elements can be explicitly determined. Furthermore, any Nijenhuis element x = t 1 e 1 + t 2 e 2 + t 3 e 3 ∈ H 3 (C), t 1 , t 2 , t 3 ∈ C, gives rise to a trivial deformation of the Rota-Baxter operator. Its generator T is given by
Deformations of skew-symmetric r-matrices and triangular Lie bialgebras
As to be recalled below, a skew-symmetric r-matrix corresponds to an O-operator on a Lie algebra with respect to the coadjoint representation. This suggests to define deformations of skew-symmetric r-matrices from their corresponding O-operators. As it turns out, there is a natural way to define such deformations directly and these two approaches are mostly consistent, yet new information can be obtained by the comparison. We also obtain deformations of triangular Lie bialgebras from their connection with skew-symmetric r-matrices. 
for all x 1 , · · · , x p , y 1 , · · · , y q ∈ g. As already given in Definition 1.1 (ii), an element r ∈ ∧ 2 g is called a skew-symmetric r-matrix if it satisfies the classical Yang-Baxter equation: (37) [r, r] = 0.
Thus we have the tautological statement that the Maurer-Cartan elements of this graded Lie algebra are simply the skew-symmetric r-matrices. Further by Proposition 2.2, we have 
An element r ∈ ∧ 2 g naturally induces a linear map r
It is well known that r satisfies the classical Yang-Baxter equation if and only if r ♯ is an Ooperator on g with respect to the coadjoint representation [31] . The associated pre-Lie algebra structure · r on g * is given by ξ · r η := ad * r ♯ (ξ) η, ∀ξ, η ∈ g * .
Its sub-adjacent Lie algebra structure [·, ·] r on g * is given by
By Theorem 2.4, deformations of the corresponding O-operator r ♯ are characterized by MaurerCartan elements of the differential graded Lie algebra (⊕ k Hom(∧ k g * , g), ·, · , d r ♯ ). We next establish a relationship between these two differential graded Lie algebras.
Recall that associated to the coadjoint representation, the graded Lie bracket
is given by Eq. (5) and the differential d r ♯ is given by d r ♯ = r ♯ , · .
For any k ≥ 0, define Ψ :
In particular, for any x ∈ g, Ψ(x) = x and for any r ∈ ∧ 2 g, Ψ(r) = r ♯ . The map Ψ establishes a relationship between the differential graded Lie algebra (
Proposition 7.2. Let g be a Lie algebra and r ∈ ∧ 2 g a skew-symmetric r-matrix. For any P ∈ ∧ p+1 g and Q ∈ ∧ q+1 g, we have
Proof. For all x, y ∈ g, by the facts that Ψ(x) = x and [x, y] = x, y , we have
Then the general case of Eq. (40) can be proved by an induction.
Further by Eq. (40), we have 
We now recall that a Lie bialgebra is a vector space g equipped with a Lie algebra structure [·, ·] : ∧ 2 g −→ g and a Lie coalgebra structure δ : g −→ ∧ 2 g such that δ is a 1-cocycle on g with coefficients in ∧ 2 g via the tensor product of adjoint representations. Note that a Lie coalgebra structure on g is equivalent to a Lie algebra structure on g * when g is finite-dimensional. A Lie bialgebra homomorphism between two Lie bialgebras (g, [·, ·], δ g ) and (h, [·, ·], δ h ) is a Lie algebra homomorphism φ : g −→ h such that
In particular, a Lie bialgebra isomorphism is a Lie algebra isomorphism φ : g −→ h such that φ * : h * −→ g * is also a Lie algebra isomorphism. Let r be a skew-symmetric r-matrix.
Then (g, [·, ·], δ) is a Lie bialgebra, which is called a triangular Lie bialgebra. Note that such a δ defines a Lie algebra structure on g * which is exactly the one given by Eq. (38).
Remark 7.4. By Eq. (40), we can recover a very useful formula in the theory of Lie bialgebras and Poisson geometry:
7.2.
A controlling cohomology of deformations of skew-symmetric r-matrices. Now we establish an analogue of the André-Quillen cohomology for skew-symmetric r-matrices to control deformations of skew-symmetric r-matrices. Let r ∈ ∧ 2 g be a skew-symmetric r-matrix. 
Denote by H k (g * ) the k-th cohomology group, called the k-th cohomology group of the skewsymmetric r-matrix r. We will identify Hom(∧ k g * , K) with ∧ k g in the sequel.
Proposition 7.5. Let g be a Lie algebra and r ∈ ∧ 2 g a skew-symmetric r-matrix. Then we have
Proof. For all f = x ∈ g and ξ 1 ∧ ξ 2 ∈ ∧ 2 g * , we have
Thus, d r x = dx. Arguing by induction, assume that the conclusion holds for f = P ∈ ∧ n g, that is,
1≤i< j≤n+1
r , the sum of the first and third terms is zero. Next, by Eq.(44), the second term is
There is a close relationship between the cohomology group H k (g * ) and the cohomology group
) of the O-operator r ♯ . Let us recall the latter from Section 3. By Lemma 3.1, we have
Hence for any ξ, η ∈ g * , we have 
Hence the conclusion holds.
Recall from [13] that two skew-symmetric r-matrices r 1 and r 2 are said to be equivalent if there is a Lie algebra isomorphism φ : g −→ g such that
There one can also find the notion of an equivalence of r-matrices up to a scalar. Remark 7.13. Therefore the notion of equivalence of two skew-symmetric r-matrices r 1 and r 2 given in [13] is not the same as the notion of weak isomorphism between r 1 and r 2 in the sense of Definition 7.10 which is induced from the notion of isomorphism between the corresponding O-operators with respect to the coadjoint representation. In fact, in general, two weak isomorphic skew-symmetric r-matrices in the sense of Definition 7.10 might not be equivalent. From the fact that the dual map of ad * x : g * −→ g * is −ad x : g −→ g for all x ∈ g, we have
In the sequel, we consider one-parameter infinitesimal deformations of a Lie bialgebra.
Definition 7.27. Let (g, [·, ·], δ) be a Lie bialgebra and γ : g −→ ∧ 2 g a linear map. If δ + tγ defines a Lie bialgebra structure on the Lie algebra g for any t, then we say that γ generates a one-parameter infinitesimal deformation of the Lie bialgebra (g, [·, ·], δ).
The following conclusion is obvious. We end the paper with some observations on related topics for future consideration.
Remark 7.32. In the above deformations of a Lie bialgebra we deform the Lie coalgebra structure but leave the underlying Lie algebra structure intact. This is consistent with the overall approach of this paper that we have deformed the O-operators and pre-Lie algebras while fixing the underlying Lie algebra. Results in this paper pave the way to consider a deformation theory where the Lie algebra is also deformed.
Remark 7.33. It is natural to consider the quantum enveloping algebra structures corresponding to the deformations of the above triangular Lie bialgebras. It is known that for every Lie bialgebra, there is a corresponding quantum enveloping algebra [17] . So the quantum enveloping algebras corresponding to the deformations of the triangular Lie bialgebras in this subsection should be certain "deformed" structures also. This problem could be better understood with more explicit examples. On the other hand, there have been some interest in "multiparameter quantization". In fact, some approaches on this subject (for example [38] ) have already involved certain "deformed" structures of r-matrices. It is an interesting problem to study the relationships between these quantum structures.
